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Abstract 

Let G be a graph with n vertices, n\ (G) > ... > (j, n (G) be the eigenvalues of its 
adjacency matrix, and = Ai (G) < ... < X n (G) be the eigenvalues of its Laplacian. 
We show that 

o~ (G) < fi k (G) + X k (G) < A (G) for all 1 < k < n, 

and 

li k (G) + (G) > 5 (G) — A (G) — 1 for all 2 < k < n. 

Let Q be an infinite family of graphs. We prove that Q is quasi-random if and 
only if /i n (G) + fj, n (G) = o (n) for every G € Q of order n. This also implies that if 
A n (G) + A n (G) = n + o (n) for every G G of order n, then is quasi-random. 
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1 Introduction 

Our notation is standard (e.g., see [T], j2], and 0); in particular, all graphs are denned 
on the vertex set {1, 2, n} , G (n) stands for a graph of order n, and G denotes the 
complement of G. Writing A (G) for the adjacency matrix of G and D (G) for the diagonal 
matrix of its degree sequence, the Laplacian of G is defined as L (G) = D (G) — A (G) . If 
G = G (n) , we order the eigenvalues of A (G) as /ii (C7) > ... > u n (G) and the eigenvalues 
of L (G) as = A x (G) < ... < \ n (G) . 

In this note we prove that if G = G (n) is a graph with minimum degree S (G) and 
maximum degree A (C7) , then 

5 (G) < fi k (G) + X k (G) < A (G) for all 1 < k < n. (1) 

This, in turn, implies that 

H k (G) + tm-k+2 (G) > 5 (G) - A (G) - 1 for all 2 < k < n, (2) 
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complementing the well-known inequality (G) + /i n _fc +2 (G) < — 1. 

In the second part of this note we give new spectral conditions for quasi-randomness 
of graphs. Throughout this note we denote by Q an infinite family of graphs. Following 
Chung, Graham, and Wilson [3], we call a family Q quasi-random, if for every G G Q of 
order n, 

H\ (G) = 2e (G) /n + o{n) , (G) = o{n) , and /i n (G) = o{n) . 

Applying results of [H], we first prove the following theorem. 

Theorem 1 A family Q is quasi-random if and only if 

fi n (G)+fi n (G)=o(n) (3) 

for every graph G G Q of order n. 

This, in turn, implies the following sufficient conditions for quasi-randomness in terms 
of Laplacian eigenvalues. 

Theorem 2 If Q is a family such that 

\ n (G) + \ n (G) =n + o(n) (4) 

for every G G Q of order n, then Q is quasi-random. 

Since A2 (G) + A n (G) = n for every G = G (n) , we also obtain the following theorem. 

Theorem 3 If Q is a family such that 

A 2 (G) + A 2 (G) = o in) 

for every G G Q of order n, then Q is quasi-random. 

We leave the extension of the above results to normalized Laplacians to the interested 
reader. 



2 Proofs 

Proof of inequality ((J) Let u 1; u„ be orthogonal unit eigenvectors to Ai, A n . For 

every k = 2,...,n, the variational characterization of eigenvalues of Hermitian matrices 
(0, p. 178-179) implies that 

Afc {G) = min (Lx, x) (5) 

||x||=l, x_LSpan{ui,...,Ufc_ 1 } 

Ufc (G) = min < max (Ax, x) > (6) 

A/CM", dim M=k—1 ||x||=l, x±M 
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Let y be such that (Ay, y) is maximal subject to ||y|| = 1 and yJSpan {ui, Ufe_i}. 
Letting y = y n ) , we find that 

A fc (G)<(Ly,y> = ^ <Z («) yj| - (Ay, y) < A (G) - max (Ax,x> 

* * x =1, X-LSpani ui ,...,ut_i f 

«eV(G) " " u " * u 



< A (G) — min ^ max (Ax, x) > = A (G) - /x fe (G) , 

McR n , dim A/=fc-l |j|x||=l, x±M J 

proving the second inequality of (JTJ). The first inequality is deduced likewise using the 
dual version of © and (JHJ). □ 

Proof of inequality ((2]) It is known that X k (G) + A n _ fc+2 (G) = n for all 2 < < n. 
This, in view of (0), implies that 

n + flk (G) + (G) = A fc (G) + A 

n-k+2 

(G) + /i fc (G) + y u n _ fc+2 (G) 
> 5 (G) + 5 (G) > 5 (G) + n — 1 — A (G) , 
completing the proof of (J2J) . □ 

Proof of Theorem U The necessity of condition Q is a routine fact, so we shall prove 
only its sufficiency Let G = G (n) , e (G) = m, and set s (G) = J2 u ev(G) 1^ ( M ) ~~ 2m/n| . 
The following results were obtained in [U] 

< ^ (G) - 2m/n < y/s(G), (7) 

^ (G) + /i„_ fe+2 (G) > -1 - 2v/2s(G) for all 2 < fc < n, (8) 
Mn (G) + ii n (G) < -1 - s 2 (G) / (2n 3 ) . (9) 

Hence, if (J3J) holds, (0) implies // n (G) = o (n) , //„ (G) = o (n) , and s (G) = o (n 2 ) . Thus, 
from (0) we obtain (G) = 2m /n + o(n) . Since /i 2 (G) + /x n (G) < —1, inequality (jEJ) 
implies that \i2 (G) = o (ra) , completing the proof. □ 

Proof of Theorem [2] According to Grone and Merris A fc (G) > A (G) . Thus, (0J) 
implies 

n - 1 + A (G) - 5 (G) = A (G) + A (G) < A n (G) + A n (G) =n + o (n) . 

Hence, 

A (G) - 5 (G) = A (G) - 5 (G) = o (n) 

and (JTJ) implies 

Mn (G) = -A rt (G) + A(G) + o(n) 
/i n (G) =-A„(G)+5(G)+o(n). 

Adding these two inequalities, in view of (jlj), we obtain fi n (G) + /i„ (G) = o(n); the 
assertion follows from Theorem ^ □ 

Acknowledgment The author is indebted to Bela Bollobas for his kind support. 



3 



References 

[1] B. Bollobas, Modern Graph Theory, Graduate Texts in Mathematics, 184, Springer- 
Verlag, New York (1998), xiv+394 pp. 

[2] D. Cvetkovic, M. Doob, and H. Sachs, Spectra of Graphs, VEB Deutscher Verlag der 
Wissenschaften, Berlin, 1980, 368 pp. 

[3] F. R. K. Chung, R. L. Graham, R. M. Wilson, Quasi-random graphs, Combinatorica 
9(1989), 345-362. 

[4] R. Grone, R. Merris, The Laplacian spectrum of a graph (II), SI AM J. Disc. Math. 7 
(1994) 221-229. 

[5] R. Horn and C. Johnson, Matrix Analysis, Cambridge University Press, Cambridge, 
1985. xiii+561 pp. 

[6] V. Nikiforov, Eigenvalues and degree deviation in graphs, Linear Algebra Appl, 
414(2006), 347-360. 



4 



